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ABSTRACT 

The respiratory gas exchange in fish gills occurs in specialized structures called secondary 

lamellae. Here blood channels filled with ellipsoid red blood cells are in close proximity with 

the surrounding water only separated by a thin epithelium. In this study the diffusion 

conductance (diffusing capacity) of a secondary lamella was quantified by using a three-di-

mensional finite element model developed to represent a system of a single rainbow trout red 

blood cell inside a blood channel. The red blood cell was modeled as an anucleate, membrane-

less, perfectly ellipsoidal sac of hemoglobin and the epithelium as an adjustable blood-water 

barrier of saline solution. A model consisting purely of a red blood cell was also considered to 

compare diffusion conductances and determine the relative contributions to the overall 

resistance to oxygen transfer from the different components: red blood cell and epithelium + 

plasma. Results showed a lamella conductance of 2.26410-14 mmols-1mmHg-1 and that epi-

thelium and plasma account for the vast majority of the overall resistance. The great sig-

nificance of hemoglobin carrier-facilitated diffusion in the red blood cell was also demon-

strated as well as the effect of hematocrit and epithelial thickness on the diffusion conductance. 

Included is also a discussion of the potential presence of plasma convection and its influence 

on oxygen transport efficiency. 
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PREFACE 

This Master’s thesis is submitted to the Faculty of Science, Aarhus University and is 

the result of a project of 30 ECTS. It is divided into two parts: First part is a general intro-

duction of relevant concepts and theory, and the second part is a manuscript presenting 

my work. The purpose of this project was to determine the diffusion conductances (and 

thereby resistances) in the different components of the oxygen diffusion pathway of the 

fish gill using a mathematical model. The different physical properties used in the model 

are based on a rainbow trout (Oncorhynchus mykiss), but it should be possible to apply 

the results of the study to other fishes.  
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GENERAL INTRODUCTION 

One of the many important functions of the 

fish gill is respiratory gas exchange. The modest 

thickness of the branchial epithelium and the 

countercurrent movement of water and blood 

makes the gills perfect for gas exchange. The ex-

act site of gas exchange is the secondary lamel-

lae (Hill et al., 2012; 591), where blood flow oc-

curs through vascular spaces delineated by a 

type of cells called pillar cells as well as epithe-

lium (Evans et al., 2005). These blood spaces are 

filled with red blood cells which in turn have a 

high concentration of hemoglobin (Whittam, 

1964). Oxygen diffuses from the surrounding 

water through the epithelium, into the plasma 

and finally into the red blood cells. In the red 

blood cells oxygen quickly binds to hemoglobin 

because of hemoglobin’s high affinity for oxy-

gen, and thus hemoglobin enables carrier-facili-

tated diffusion of oxygen, enhancing oxygen dif-

fusing capacity in the gill (Wittenberg, 1959; 

Scholander, 1960).  

The following is a general introduction to 

some important concepts when modelling the 

oxygen transport pathway and diffusing capaci-

ty in a fish gill, including theory on diffusion, 

structure of the secondary lamellae and func-

tion of hemoglobin. 

STRUCTURE OF SECONDARY LAMELLAE  

Fish gills consist of a series of gill arches 

each with paired rows of gill filaments. On the 

upper and lower surfaces of the gill filaments 

there is an alternating series of transverse folds 

called secondary lamellae (Figure 1). The struc-

ture of the gill enables counter current flow of 

water and blood which is of high importance for 

the efficiency of the gill in relation to gas ex-

change (Hazelhoff and Evenhuis, 1952).  

The secondary lamellae are more or less 

trapezoidal in shape with the apex turned to-

wards the side of water entry to ensure fast con-

tact between the inspired water and a large pro-

portion of the total lamella area (Hughes and 

Morgan, 1973). Their plate-like morphology 

maximizes surface area whilst minimizing diffu-

sion distance to optimize gas exchange effi-

ciency (Wegner, 2011).  

Hughes and Grimstone (1965) found that 

the outer epithelial layer of the secondary la-

mellae is surrounding widely spaced pillar cells 

and the flanges of these interconnect to create 

the blood channels inside the lamellae (Figure 

2). Between the epithelium and the pillar cells is 

a collagen-containing basement membrane 

(Hughes and Grimstone, 1965).  

Figure 1: Arrangement of secondary lamellae on gill 
filaments. Arrows indicate direction of water flow. 
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The distinction between these different cell 

types will not be made in the model. Here the 

cell layer between water and plasma will be a 

simple, epithelial layer. 

DIFFUSION 

Diffusion is the process by which matter is 

transported from one part of a system to an-

other as a result of random molecular motions 

(Crank, 1975). Each molecule have no preferred 

direction. Nevertheless, we can observe, in sim-

ple experiments, the movement of iodine mole-

cules from high to low concentration and, given 

enough time, a uniform distribution of iodine 

molecules in the solution (Figure 3). This is be-

cause of the concentration gradient. Consider a 

vertical transection through the solution in Fig-

ure 3. On the average a certain fraction of the 

molecules just left of the line will cross it and 

move to the right and the same fraction of the 

molecules just right of the line will cross it by 

moving to the left. Since there is a higher con-

centration on the left side of the line, a net trans-

fer of molecules from the left to the right will 

take place.  

The first to quantify diffusion was Fick 

(1855) who adopted the mathematical equation 

for heat conduction by Fourier and obtained 

what is now known as Fick’s (first) Law of diffu-

sion: 

𝑗 = −𝐷
𝜕𝐶

𝜕𝑥
(= −𝐷∇𝐶 𝑓𝑜𝑟 𝑛 > 1 𝑑𝑖𝑚𝑒𝑛𝑠𝑖𝑜𝑛𝑠) 

Here j is the change in amount of substance per 

unit time per area, C is the concentration of the 

substance, x is the space coordinate normal to 

the area and D is the diffusion coefficient (area 

per unit time). In respiratory physiology the 

equation is often written as an equivalent of 

Ohm’s Law: 

𝐼 = 𝑅−1 ∙ 𝑈  

𝐽 = 𝐷𝑂2
∙ ∆𝑃𝑂2

=
𝐾 ∙ 𝐴

𝑙
∆𝑃𝑂2

 

where I is current, R is resistance, U is potential 

difference, J is the flux, ∆𝑃𝑂2
 is the partial pres-

sure difference across the membrane, A is the 

area of the membrane, l is the membrane thick-

ness and K is Krogh’s diffusion constant (which 

is the solubility multiplied by the diffusion coef-

Figure 3: Illustration of a diffusion process 

Figure 2: Schematic (left) and micrograph (right) illustration 
of a cross section of a secondary lamella showing blood 
channels and pillar cells.  
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ficient – not to be mistaken for the diffusing ca-

pacity). 𝐷𝑂2
 is the diffusing capacity, i.e. the 

physical capacity for oxygen transfer per unit 

time and driving pressure, or, as it will be re-

ferred to in this study, the diffusion conduct-

ance, written as 𝐺𝑑  (Perry, 1992). By analogy, 

𝐺𝑑  is the reciprocal of the resistance.  

Fick’s law is fundamental to this study as we 

try to quantify the conductance of a secondary 

lamella in the gill of a rainbow trout and it will 

be used multiple times in the derivation of equa-

tions used in the mathematical model.   

HEMOGLOBIN 

Hemoglobin is a complex molecule found in 

the red blood cells consisting primarily of four 

polypeptide chains. Each of the chains has a 

heme group that contains an iron atom capable 

of binding oxygen, which gives hemoglobin its 

high oxygen storage capability. Furthermore, 

hemoglobin displays cooperative binding which 

results in the sigmoidal oxygen equilibrium 

curve (Hlastala and Berger, 2001) (Figure 4).  

These properties make hemoglobin excel-

lent for respiratory gas exchange and several 

studies of oxygen diffusion in hemoglobin solu-

tions has thus been made (e.g. Klug et al. (1956 

as seen in Kutchai, 1971), Wittenberg (1959), 

Scholander (1960), Keller and Friedländer 

(1966), Kutchai (1971) and more). It was finally 

concluded that hemoglobin’s high affinity for 

oxygen and the subsequent diffusion of oxyhe-

moglobin was the mechanism behind the en-

hanced diffusion of oxygen observed in hemo-

globin solutions, a principle now known as car-

rier-facilitated diffusion. Now we know the im-

portance of hemoglobin in respiratory diffusion 

as it enables the red blood cells to contain large 

amounts of oxygen without the oxygen partial 

pressure going through the roof. 

  

Figure 4: Oxygen equilibrium curve. 
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INTRODUCTION  

In order for a fish to breathe, oxygen must 

diffuse from the water through the lamellar ep-

ithelium and blood plasma and into the red 

blood cell, where it reacts with hemoglobin. We 

can split this transport pathway in two: a mem-

brane component (epithelium and plasma) and 

a red cell component (red cell membrane and 

interior). The membrane component offers 

solely a diffusive conductance while the red cell 

component offers both diffusive and reactive 

conductances (Patel, 2002). Roughton and For-

ster (1957) derived an equation that describes 

the overall resistance of the pulmonary oxygen 

transport system as a series of the two compo-

nents: 

1

𝐷𝐿
=

1

𝐷𝑀
+

1

𝜃 ∙ 𝑉𝐶
 

where DL and DM denotes the diffusing capac-

ity/conductance of the overall system and the 

membrane component, respectively,  denotes 

the specific red cell diffusing capacity and VC is 

the volume of red blood cells. A gill equivalent of 

this equation was presented by Hughes in 1972, 

who also subdivided the total resistance into 

several further resistances: 

1

𝐷𝑔
=

1

𝐷𝑤
+

1

𝐷𝑚
+

1

𝐷𝑡
+

1

𝐷𝑝
+

1

𝐷𝑒
 

where Dw through De denotes the conductance 

of water, mucus coat, tissue, plasma and eryth-

rocyte. This equation takes all the different 

parts of the oxygen transport pathway into ac-

count. However, in this study a simplified ver-

sion similar to the Roughton and Forster equa-

tion will be used, which contains only two 

terms, namely the conductance of the mem-

brane component, Dm and the conductance of 

the red cell component, DRBC:  

1

𝐷𝑔
=

1

𝐷𝑚
+

1

𝐷𝑅𝐵𝐶
                                                     (𝑖) 

Previous theoretical studies have focused 

on the diffusion pathway for oxygen in the pul-

monary capillaries (Kutchai, 1971; Federspiel, 

1989, Nair et al., 1989; Frank et al., 1997), or on 

overall subjects, such as the effect of pH and or-

ganic phosphates on oxygenation of red blood 

cells (Vorger, 1987), gas transport properties of 

blood (Federspiel, 1989) and red blood cells 

(Hsia et al.. 1997) and the efficiencies of gas ex-

change (Malte and Weber, 1985). However, a 

study specifically modelling oxygen’s diffusion 

pathway in the fish gill is absent.  

The aim of this study is to quantify, by 

means of a three-dimensional mathematical 

model, the two conductances in equation (i) and 

thereby determine where the main resistance in 

the oxygen transport system of fish gills resides. 

This is achieved with a model based on the finite 

element method that describes the oxygen dif-

fusion into a single, ellipsoid red blood cell, and 

then comparing this to a similar model, which 

has a layer of epithelium and plasma between 

the surrounding medium and the red blood cell. 

The significance of facilitated diffusion is also 

examined as well as the potential effect of 

plasma convection and varying hematocrit and 

epithelial thickness. 
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METHODS 

MODEL GEOMETRY 

The 3D model takes advantage of the sym-

metry of the trout erythrocyte and consists only 

of an eighth of a single red blood cell, equivalent 

to the red cell being transected once in every 

axis. The dimensions of a trout erythrocyte are 

incorporated in the model (Table 1). There are 

two different versions: the “Naked cell” model, 

consisting only of the red blood cell, and the “La-

mella” model that includes erythrocyte, plasma 

and blood-water barrier, each with respective 

diffusive properties (Table 1). In the Lamella 

model oxygen must diffuse through the blood-

water barrier and plasma region before reach-

ing the red blood cell. There is no net flux of ox-

ygen across the symmetry planes in either of the 

two versions, as the two opposing fluxes cancel 

each other out. This was achieved by setting the 

so-called natural boundary condition to zero. 

Figure 5 illustrates the geometry of the two 

models and are taken from the FEM solver used 

in the study. It also shows the finite elements 

that the program divides the regions into and 

uses to solve the equation. 

ASSUMPTIONS AND SIMPLIFICATIONS 

The red blood cell was assumed to be an 

anucleate, membraneless, perfectly ellipsoidal 

sac of hemoglobin. The tissue surrounding the 

vascular blood spaces containing the red cells 

was simplified into an adjustable blood-water 

barrier, referred to as ‘epithelial layer’ or ‘epi-

thelium’, corresponding to a saline solution (of 

300 mOsmL-1) with no distinction between ep-

ithelium, mucus layer or collagen. The presence 

of pillar cells was disregarded. This way fewer 

constants were needed, since a solubility and 

diffusion coefficient for each type of tissue 

would have been necessary.  

It has been shown that instantaneous equi-

librium in the oxygen-hemoglobin reaction is at-

tained everywhere inside the red cell during 

oxygenation, except in a thin boundary layer ad-

jacent to the red cell membrane (Wang and 

Figure 5: Model geometry. A: Finite element mesh showing the geometry of the Naked cell model. B: Finite element mesh of the 
Lamella model showing epithelium (red), plasma (orange) and red blood cell (green). All axes are in centimeters. 
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Popel, 1993). Since this boundary layer consti-

tutes only a fraction of the total cell volume, it 

seems reasonable to assume instantaneous re-

action equilibrium in the whole cell.  

This model does not take into account any 

distortion of the erythrocyte shape, as they pass 

through the lamellae. The discovery of this phe-

nomenon was made by Nillson et al. in 1995. 

They believed it had influence on the diffusion 

boundary layer as well as the mixing of intracel-

lular hemoglobin and possibly caused a local in-

crease of hematocrit. In this model the hemato-

crit is fixed and intracellular mixing of hemoglo-

bin is disregarded. 

OXYGEN TRANSPORT MODEL 

In pulmonary capillary models there are of-

ten applied a diffusive transport equation to 

each of the different regions (with or without 

hemoglobin) and the types of diffusion (passive 

or facilitated). With the assumption of instanta-

neous equilibrium between oxygen and hemo-

globin inside the red cell, the oxygen transport 

can be described with just a single equation (for 

a derivation see Appendix A) that includes both 

passive and facilitated diffusion: 

(𝛽𝑂2
+ 𝐶𝐻𝑏 ∙

𝑑𝑆𝑂2

𝑑𝑃𝑂2

)
𝜕𝑃𝑂2

𝜕𝑡
 

= 𝑑𝑖𝑣 (𝐾𝑂2
∙ ∇(𝑃𝑂2

) + 𝐷𝐻𝑏 ∙ 𝐶𝐻𝑏 ∙
𝑑𝑆𝑂2

𝑑𝑃𝑂2

∙ ∇(𝑃𝑂2
)) 

where 𝛽𝑂2
 is the oxygen solubility inside the 

red cell, 𝑆𝑂2
 is the oxygen saturation, 𝑃𝑂2

 is the 

partial pressure of oxygen inside the red cell, 

𝐾𝑂2
 is Krogh’s diffusion coefficient for oxygen in 

blood, 𝐶𝐻𝑏  is the hemoglobin concentration, 

𝐷𝐻𝑏 is the diffusion coefficient of hemoglobin,  

is the gradient operator and div is the diver-

gence of the argument.  

In the plasma and epithelial regions the 

same equation was applied with a hemoglobin 

concentration of zero. When non-facilitated dif-

fusion was studied in the Naked cell model the 

diffusion coefficient was set at zero. The bound-

ary conditions were: 

Naked cell model 

1. Zero flux on all symmetry faces (the “natu-

ral” boundary condition), i.e. 
𝑑𝑃

𝑑�̂�
= 0, 

where �̂� is the normal vector to the plane. 

2. Constant 𝑃𝑂2
 on cell surface (100 mmHg). 

Lamella model 

1. Zero flux on all symmetry faces, i.e. 
𝑑𝑃

𝑑�̂�
= 0. 

2. Constant 𝑃𝑂2
 on epithelial surface (100 

mmHg). 

The initial conditions in both models were 

that 𝑃𝑂2
= 𝑃𝑖𝑛𝑖𝑡 = 30 𝑚𝑚𝐻𝑔 

The equation with the initial and boundary 

conditions was solved by the method of finite el-

ements (FEM) using a commercially available 

FEM solver with automatic, adaptive grid gen-

erator (FlexPDE 7.0, PDE Solutions Inc., WA, 

USA). The solution gave 𝑃𝑂2
 as a function of the 

space coordinates, x, y and z, and time, t i.e. 

𝑃𝑂2
= 𝑃𝑂2

(𝑥, 𝑦, 𝑧, 𝑡). From this, the hemoglobin 

oxygen saturation and oxygen concentration 

could be calculated immediately: 
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𝑆𝑂2
(𝑥, 𝑦, 𝑧, 𝑡) = 𝑓[𝑃𝑂2

(𝑥, 𝑦, 𝑧, 𝑡)] 

𝐶𝑂2
= 𝐶𝐻𝑏 ∙ 𝑆𝑂2

+ 𝛽𝑂2
∙ 𝑃𝑂2

 

where f is the Adair equation (Wyman and Gill, 

1990). The space averaged values of 𝑆𝑂2
 and 𝑃𝑂2

 

were calculated to get an overall index of oxy-

genation progression: 

𝑆�̅�2
(𝑡) =

1

𝑉
∫ 𝑆𝑂2

(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑉

𝑉

 

𝐶�̅�2
(𝑡) =

1

𝑉
∫ 𝐶𝑂2

(𝑥, 𝑦, 𝑧, 𝑡)𝑑𝑉

𝑉

 

Here V is the volume of the red blood cell in the 

Naked cell model or the entire blood space (i.e. 

red blood cell + plasma) in case of the Lamella 

model.  

The space averaged oxygen saturation was 

used to calculate a time constant which in turn 

was used to calculate a conductance for the ox-

ygen transport system (for details see Appendix 

B) with the following equation: 

𝐺𝑑 =
𝑉 ∙ 𝛽

𝜏
 

where Gd is the conductance, V is the volume of 

the red blood cell, 𝛽 is the overall (average be-

tween venous and arterial point) oxygen solu-

bility of the system and τ is the time constant. 

By dividing 𝐺𝑑  with the surface area of the red 

blood cell the area-specific conductance, 𝑔𝑑 , 

was found. Consider now an analog model, 

where oxygen diffuses through an O2-permea-

ble membrane of a certain thickness into a vol-

ume of perfectly stirred hemoglobin solution 

(Figure B1). In that model the conductance can 

be calculated with the formula (see Appendix 

B):  

𝐺𝑑 =
𝐷𝑚 ∙ 𝛽𝑚 ∙ 𝐴

𝑡𝑚
 

Here 𝐷𝑚  and 𝛽𝑚  are the diffusion coefficient 

and oxygen solubility of the membrane, 𝐴 is the 

membrane surface area and 𝑡𝑚  is the mem-

brane thickness (i.e. diffusion distance). Divid-

ing by 𝐴 on both sides of the equation we get the 

area-specific conductance, which value is al-

ready known, and it is thus straight forward to 

solve for 𝑡𝑚 and calculate a theoretical diffusion 

distance. 

The effect of hematocrit, epithelial thickness 

and plasma convection on conductance and dif-

fusion distance was also studied: Hematocrit 

was varied by changing the size of the plasma 

region – a smaller size giving a higher hemato-

crit. Epithelial thickness was simply varied from 

1 to 10 µm and different degrees of plasma con-

vection was simulated by multiplying the diffu-

sion coefficient for oxygen in plasma with differ-

ent factors, a large factor giving a perceived 

higher degree of convection. The effect of both 

hematocrit and epithelial thickness was exam-

ined under two conditions; one with plasma 

convection and one without. The blood-water 

barrier was held at 5 µm in all studies, except in 

the one with varying epithelial thickness. 
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TABLE 1: PHYSICAL AND PHYSIOLOGICAL PROPERTIES USED IN THE MODEL 

Abbreviation Definition Value Unit Source 

Blood-water bar-

rier  

    

𝛽𝑂2
 Solubility coefficient for oxygen 

in epithelium 

1.77 ∙ 10−6  mmol  cm-3  Torr-1 Boutilier et al., 1984 

𝐷𝑂2
 Diffusion coefficient for oxygen 

in epithelium 

2.00 ∙ 10−5  cm2  s-1 Dejours, 1975 

𝑙𝑒𝑝𝑖  Thickness of epithelial layer 5.00 ∙ 10−4  cm Hughes and Perry, 1979 

Plasma     

𝛽𝑂2
 Solubility coefficient for oxygen 

in plasma 

1.77 ∙ 10−6  mmol  cm-3  Torr-1 Boutilier et al., 1984 

𝐷𝑂2
 Diffusion coefficient for oxygen 

in plasma 

2.00 ∙ 10−5  cm2  s-1 Dejours, 1975 

Red blood cell     

𝛽𝑂2
 Solubility coefficient for oxygen 

in red blood cell 

1.92 ∙ 10−6  mmol  cm-3  Torr-1 Modified from Kreuzer 

and Hoofd, 1970* 

𝐷𝑂2
 Diffusion coefficient for oxygen 

in red blood cell 

6.26 ∙ 10−6  cm2  s-1 Calculated from 

Bouwer et al., 1997** 

𝐷𝐻𝑏 Diffusion coefficient for hemo-

globin in red blood cell  

1.14 ∙ 10−7  cm2  s-1 Calculated from 

Bouwer et al., 1997** 

𝐶𝐻𝑏 Hemoglobin concentration in 

red blood cell (monomeric) 

20.0 ∙ 10−3  mmol  cm-3 Malte, 1986 

𝐴𝑒 Surface area of red blood cell  2.53 ∙ 10−7  cm2 Calculated by FEM 

solver 

𝑉𝑒 Volume of red blood cell 2.21 ∙ 10−10  cm3 Calculated by FEM 

solver 

𝑎 

 

𝑏 

 

𝑐 

 

 

Red blood cell dimensions 

4.00 ∙ 10−4   

 

6.00 ∙ 10−4   

 

2.20 ∙ 10−4  

cm 

 

cm 

 

cm 

 

 

Malte, 1986 

*: Modified from 1.633∙10-9 mol∙mL-

1∙mmHg-1 (Kreuzer and Hoofd, 1970) to 1.921 

mmolcm-3 Torr-1 by dividing by 0.85 because 

of temperature dependency, going from 25 to 

15 °C (Boutilier et al., 1984). 

 

 

 

 

**: Calculated by the empirical equation (at 

20 °C):  

𝐷 = 𝐷0 (1 −
𝐶𝐻𝑏

𝐶1
) 10

−
𝐶𝐻𝑏

𝐶2 , with parameters 

𝐷0 = 1.80 ∙ 10−9𝑚2 ∙ 𝑠−1, 𝐶1 = 100𝑔 ∙ 𝑑𝐿−1 and 

𝐶2 = 119𝑔 ∙ 𝑑𝐿−1 for oxygen, and                    

𝐷0 = 7.00 ∙ 10−11𝑚2 ∙ 𝑠−1, 𝐶1 = 46𝑔 ∙ 𝑑𝐿−1 and 

𝐶2 = 128𝑔 ∙ 𝑑𝐿−1 for hemoglobin. Then ad-

justed to 15 °C by the assumption: 𝑄10 = 1.1. 
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RESULTS 

NAKED CELL MODEL 

The time course of the oxygenation process 

of a naked red blood cell at equilibrium with a 

𝑃𝑂2
 of 30 mmHg which was then subjected to an 

instantaneous change in 𝑃𝑂2
 to 100 mmHg on its 

surface is illustrated in Figure 6.A. The 𝑃𝑂2
 is 

measured at two different points inside the red 

cell: one near the center of the red blood cell (a) 

and one just below the surface (b). Oxygenation 

is faster near the surface of the red cell, which is 

also illustrated in Figure 6.B. This is a two di-

mensional contour plot of the oxygenation pro-

cess, showing the distribution of oxygen partial 

pressure inside the red blood cell at 0.092 sec-

onds. 

The significance of facilitated diffusion is il-

lustrated in Figure 7. The amount of time it 

takes for the red blood cell to reach 90 % satu-

ration (t90) is smaller when hemoglobin is al-

lowed to diffuse than when it is not (diffusion 

coefficient set at 0) (Figure 7.A) and the con-

ductance is thus correspondingly higher (Figure 

Figure 7: 90 % saturation times (A) and conductances (B) for the naked cell with and without facilitated diffusion. 
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7.B). When facilitated diffusion is disabled, the 

t90 value is 1.53 times as high and it takes at least 

75 milliseconds for the red cell to be fully satu-

rated. When hemoglobin is allowed to diffuse, 

the naked red blood cell can be 90 % saturated 

in about 50 milliseconds. The calculated con-

ductance of the naked cell, when containing he-

moglobin, is 8.4410-13 mmols-1 mmHg-1. 

LAMELLA MODEL 

Figure 8 shows the time course of the oxy-

genation of a single red blood cell inside a sec-

ondary lamella with an epithelial thickness of 5 

µm. As with the Naked cell, the 𝑃𝑂2
 start value 

was set at 30 mmHg and the cell (with sur-

rounding plasma and epithelium) was then sub-

jected to an instantaneous change in 𝑃𝑂2
 on the 

surface to 100 mmHg. 

Again the 𝑃𝑂2
 is measured at two separate 

points inside the red blood cell, one in the center 

(a) and one nearer the red cell surface (b), and 

oxygenation is a little faster near the surface. 

Compared to Figure 6.A, oxygenation in the La-

mella model is slower than in the Naked cell 

model. 

Figure 9.A shows the partial pressure con-

tour lines in the oxygenation process. In the ep-

ithelium the contour lines are perfectly horizon-

tal whereas in the plasma with the red blood cell 

Figure 8: Oxygen partial pressure as a function of time at 
two different points inside the red blood cell, a (blue) and b 
(orange). See text for further details. 
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they become more wave-like, reflecting a gradi-

ent in 𝑃𝑂2
 pointing into the cell. The vector field 

in Figure 9.B shows that the oxygen flux is larg-

est at the middle part of the red cell surface and 

degrades towards the center and towards the 

boundaries. The oxygen flux is constant in the 

epithelium. The oxygen concentration in the 

system is illustrated in Figure 9.C and shows an 

expected oxygen concentration close to zero 

outside the red blood cell and a high concentra-

tion inside the red blood cell with a decreasing 

concentration towards the center of the red 

blood cell, which in compilation with the 𝑃𝑂2
 

contour plot illustrates the oxygen sink function 

of the red cell. 

By comparing the results of the two models, 

the effect of an epithelial and plasma layer can 

be shown. In Figure 10 the t90 values are plotted 

against variable epithelial thickness. 

This figure demonstrates numerous points. 

First of all, the addition of a layer of plasma and 

epithelium results in a higher t90 value. For a 

rainbow trout with a 5 µm epithelium, the naked 

cell t90 value constitutes between 13 and 20 % 

of the lamella t90 value. This means that the 

plasma and epithelial layer adds a minimum of 

400 % to the red cell saturation time. Secondly, 

it takes longer to reach 90 % saturation with in-

creasing epithelial thickness and thirdly, the rel-

ative effect of plasma convection decreases with 

increasing epithelial thickness. In fact, when 

plasma convection is activated, extrapolating to 

zero thickness yields a value almost identical to 

that for the naked cell. 

In figure 11 the total system conductance is 

plotted against epithelial thickness. 

The total system conductance decreases as 

the epithelial thickness increases. This is the 

case both with and without plasma convection 

activated. The relative decrease in conductance 

is higher when plasma convection is activated 

and the effect of  plasma convection is minimal 

at the maximal epithelial thickness of 10 µm. 

The effect of hematocrit on conductance in 

the Lamella model is shown in Figure 12. 

 

Figure 10: 90 % saturation times for both the Naked cell 
and Lamella model with increasing epithelial thickness. Effect 
of  plasma convection is also shown (“stirring”). 
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Increased hematocrit results in an increased 

area-specific conductance, but a decreased con-

ductance for the system, i.e. for one red blood 

cell and its associated plasma and epithelium. 

For the single red blood cell it does not pay off 

to increase hematocrit, but for the lamella it 

does. The normal hematocrit for a rainbow trout 

is around 20 % (Soivio et al., 1975) where the 

area-specific conductance is already stagnating. 

In both cases plasma convection has a positive 

effect on conductance. 

As seen in Figures 10 and 12 plasma convec-

tion has a positive effect on conductance and 

saturation times. In Figure 13 different degrees 

of plasma convection is shown and how the 

area-specific conductance varies with them. 

Area-specific conductance increases when 

the degree of  plasma convection is increased. 

The effect wears off as we approach a factor of 

10, which is the value used for simulating  

plasma convection in the other experiments. 
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DISCUSSION 

In the Naked cell model oxygenation is 

faster near the periphery of the red blood cell, 

since this area is closer to the surface of the 

whole cell, where the oxygen partial pressure is 

100 mmHg. As diffusion is simply a random 

walk process, the 𝑃𝑂2
 will increase on the inside 

of the red cell because of oxygen molecules mov-

ing in that direction, i.e. across the oxygen per-

meable membrane. Since the oxygen partial 

pressure is only 30 mmHg on the inside of the 

red cell few oxygen molecules will move in the 

other direction and the result is a net influx of 

oxygen. The same principle can be applied for 

every little layer in the red blood cell, hence the 

gradual decrease in oxygen partial pressure to-

wards the center of the red cell. In time, the ox-

ygen partial pressure will be the same in every 

part of the cell because of the same mechanism, 

i.e. (facilitated) diffusion. 

The naked cell is 90 % saturated in about 50 

milliseconds. Heidelberger and Reeves (1990) 

measured the oxygen uptake in a planar mo-

nocellular layer of human blood and found that 

the oxygen uptake half time was about 10 milli-

seconds and the 90 % saturation time was about 

30 milliseconds. However, the human red blood 

cell is only about 1 µm thin whereas the trout 

red blood cell is 2.2 µm thin. 

Oxygenation of the red blood cell in the La-

mella model takes longer than in the Naked cell 

model. This was to be expected when adding a 

layer of epithelium and plasma between the wa-

ter and the red blood cell, increasing the diffu-

sion distance for oxygen. The different proper-

ties of the different media were illustrated in 

Figure 9.A, where we see the horizontal 𝑃𝑂2
 con-

tour lines in the epithelium that changes into 

waves in the plasma/red cell region because of 

the plasma and red cell having different diffu-

sion coefficients - the diffusion coefficient for 

plasma is more than 3 times greater than that 

for the red blood cell - and because of hemoglo-

bin’s huge capacity to bind oxygen thus prevent-

ing 𝑃𝑂2
 from increasing. From this figure it 

seems a net movement of oxygen towards the 

center of the red blood cell is starting to happen, 

which is confirmed in the Figure 9.B vector plot. 

Here the oxygen flux is constant in the epithe-

lium, but changes in the adjacent plasma/red 

cell region as the oxygen begins to diffuse into 

the red blood cell because of hemoglobin’s large 

affinity for oxygen. The larger flux at the middle 

part of the red cell surface is a result of the 

boundary condition concerning symmetry of 

the model, where the flux is set at zero on all 

symmetry faces, since the assumption is, that 

the net flux at all symmetry lines will be zero.  

The function of the red blood cell as an oxy-

gen sink is evident in Figure 9.C, where almost 

every oxygen molecule has diffused into the red 

blood cell and reacted with hemoglobin. There 

is, however, still a small concentration gradient 

of oxygen outside the red cell, but since there is 

such a big difference in concentration between 

the inside and outside of the cell and the same 



14 
 

scale is used for the two regions, it does not 

show. 

CARRIER-FACILITATED DIFFUSION 

The significance of carrier-facilitated diffu-

sion by hemoglobin in the uptake of oxygen by 

the gills from the surrounding water has been 

demonstrated with the model. As expected, sat-

uration in the naked red cell happens a lot faster 

when hemoglobin is present, compared to a sit-

uation where the red cells must rely on the dif-

fusion of dissolved oxygen alone. The high con-

centration of hemoglobin in the red blood cells 

is of paramount importance for the hemoglobin-

facilitated diffusion to be significant, since 𝐷𝐻𝑏 

is much smaller than 𝐷𝑂2
.  The 1.53 times 

greater t90 value for non-facilitated diffusion 

translates to a saturation rate that is 1.53 times 

higher when hemoglobin is present, which com-

pares well with Wittenberg (1959), who found 

that the rate of penetration of oxygen through a 

membrane was 1.6 times greater when the 

membrane contained oxyhemoglobin, com-

pared to a situation where the same membrane 

contained carboxyhemoglobin only.    

HEMATOCRIT 

When hematocrit is increased more red 

blood cells compete for the same amount of ox-

ygen. This makes saturation take longer for the 

single red cell and the result is a lower conduct-

ance for the single cell. However, there is 

strength in numbers and it is still preferable for 

the fish to increase hematocrit because the area-

specific conductance will be higher. The reason 

for this is that the plasma volume per red blood 

cell decreases when hematocrit increases, 

which leads to a decrease in diffusible surface 

area and dividing by increasingly smaller areas 

results in increasingly higher area-specific con-

ductances. It seems that the rainbow trout (and 

most other fishes) has optimized its oxygen up-

take by having a hematocrit that is about 20 %, 

since further increase in area-specific conduct-

ance beyond this point is only limited and a 

hematocrit below 20 % will result in a lower 

conductance (Figure 12.B). 

EPITHELIAL THICKNESS 

Since the conductance is inversely propor-

tional to the diffusion distance it was expected 

to decrease when the epithelial thickness was 

increased. The anatomical diffusion factor 

(ADF) which represents the anatomical compo-

nent of the diffusion capacity of the respiratory 

organ (Perry, 1978) is also inversely propor-

tional the diffusion distance: 

𝐴𝐷𝐹 =
𝑅𝑒𝑠𝑝𝑖𝑟𝑎𝑡𝑜𝑟𝑦 𝑠𝑢𝑟𝑓𝑎𝑐𝑒 𝑎𝑟𝑒𝑎

𝑀𝑒𝑎𝑛 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛 𝑑𝑖𝑠𝑡𝑎𝑛𝑐𝑒
 

It is therefore no surprise that the calculated 

conductance varies a lot with epithelial thick-

ness. In fact, the conductance is more than 4 

times as high with an epithelial thickness of 1 

µm than with an epithelial thickness of 10 µm. 

For very active fishes it would therefore be ad-

vantageous to evolve a thin epithelium in the 

secondary lamellae to optimize oxygen uptake. 

Previous studies by Steen and Berg (1966) and 

Hughes (1970, as seen in Hughes and Morgan, 
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1973) have shown exactly this connection be-

tween mode of life and gill morphometry, where 

active, fast-swimming species, with great meta-

bolic demand, for instance tunas and mackerels, 

have very thin blood-water barriers, and more 

sluggish species, for instance flatfishes and 

toadfishes, have a thicker blood-water barrier. 

PLASMA CONVECTION 

Saturation happens faster when plasma is 

perfectly mixed and we find the highest area-

specific conductance in this case. To simulate 

the maximal effect of plasma convection in the 

model, the diffusion coefficient for oxygen in 

plasma was multiplied by 10 which we know is 

reasonable, since multiplying by factors greater 

than 10 would not have resulted in any further 

significant effect (Figure 13). This figure tells us 

that the real area-specific conductance found by 

means of this model must lie somewhere on this 

curve between 6.66710-8 and 1.00510-8 

mmols-1mmHg-1cm-1, depending on the degree 

of plasma convection that actually takes place in 

the blood spaces in the secondary lamellae of a 

rainbow trout. Looking at Figure 10 it seems like 

a high degree of plasma convection is present in 

the blood spaces, since extrapolating the “stir-

ring” curve to 0 µm gives a t90 value very close 

to the one for the Naked cell. However, there is 

no plasma layer in the Naked cell which there 

still is in the Lamella model even though the ep-

ithelial thickness is 0 µm, so the 90 % saturation 

time in the Lamella model with zero epithelium 

should probably still be a little longer than in the 

Naked cell. Furthermore, the relative effect of 

plasma convection is far greater with thinner 

epithelia, suggesting that a certain degree of 

plasma convection may be present in the blood 

spaces. Indeed it would make little sense to 

evolve a very thin epithelium if there was no de-

gree of plasma convection. Historically, it was 

concluded by Aroesty and Gross (1969) that 

plasma convection is negligible in the oxygen 

transport in the microcirculation. However, Bos 

et al. (1994) challenged this conclusion, at least 

in conditions with low hematocrit or high red 

blood cell velocity, though further investigation 

may be needed.  The results of the model used 

in this study could indicate a significant effect of 

plasma convection on oxygen transport, espe-

cially in cases with low hematocrit (Figure 12.A) 

or thin epithelium (Figure 11).  

CONDUCTANCE AND THEORETICAL DIF-

FUSION DISTANCE 

The conductance for the Naked cell was cal-

culated to be 8.43510-13 mmols-1mmHg-1. This 

results in a Naked cell resistance of 1.1851012 

s∙mmHg∙mmol-1. For the Lamella model with an 

epithelial thickness of 5 µm the conductance 

was found to be 2.26410-14 mmols-1mmHg-1, 

which gives an overall resistance of 4.4161013 

s∙mmHg∙mmol-1. According to equation (i) this 

gives a combined resistance of plasma and epi-

thelium equal to 4.2981013 s∙mmHg∙mmol-1. 

From these results we conclude that the main 

resistance in the oxygen transport system of a 

rainbow trout gill resides in the plasma and/or 

epithelium, since the red blood cell resistance 
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alone accounts for only 2.68 % of the overall re-

sistance. If we assume no plasma convection is 

present the percentage is even smaller (1.78 %). 

Even in a fish with an epithelial thickness of 1 

µm (e.g. an Atlantic mackerel (Wegner, 2011)) 

the red blood cell resistance will only account 

for about 7 %, assuming all other physical and 

physiological properties are the same.   

Using equation (6) (Appendix B) we calcu-

late a theoretical diffusion distance in the La-

mella model of 3.521∙10-4 cm or roughly 3.5 µm. 

This appears strange at first glance, since the ep-

ithelial thickness alone is 5 µm, but look at how 

the conductance has been calculated. The solu-

bility, β, in equation (5) is calculated by the FEM 

solver and is constant, as the calculated β will be 

the secant from 30 to 100 mmHg on the oxygen 

equilibrium curve. Furthermore, the calculation 

is based on results where plasma convection is 

active. When calculating the conductance this 

way, it will be the maximal conductance possi-

ble, which results in an underestimated diffu-

sion distance, since they are inversely propor-

tional.  

SUMMARY 

Diffusion conductances for a naked red 

blood cell and a secondary lamella was found 

using a three-dimensional finite element model. 

Results showed the epithelium + plasma con-

tributing the major resistance. Furthermore, in-

creased hematocrit resulted in higher area-spe-

cific conductance. Lamella conductance was 

shown to increase with decreasing epithelial 

thickness and the model showed that there may 

be a certain degree of plasma convection pre-

sent in the blood channels. Results from the Na-

ked cell model illustrated the significance of he-

moglobin carrier-facilitated diffusion.   
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APPENDIX A 

The derivation of the oxygen transport 

equation in one dimension used in the model is 

presented here. When instantaneous equilib-

rium between hemoglobin and oxygen is as-

sumed, the change in amount of oxygen per time 

can be described by the influx of oxygen minus 

the efflux of oxygen as the equation: 

𝜕𝑀𝑂2

𝜕𝑡
= 𝐽𝑂2

(𝑥) − 𝐽𝑂2
(𝑥 + 𝛿𝑥) 

where 𝑀𝑂2
 is the amount of oxygen and 𝐽𝑂2

 is 

the oxygen flux. The situation is sketched in Fig-

ure 1A. 

The amount of oxygen can be described by 

the volume and concentration: 

𝜕

𝜕𝑡
[ℎ𝑙𝛿𝑥 ∙ 𝐶𝑂2

] = 𝐽𝑂2
(𝑥) − 𝐽𝑂2

(𝑥 + 𝛿𝑥) 

Here 𝐶𝑂2
 is the oxygen concentration. h, l and δx 

are the dimensions of the oxygen “container” 

and since those are constants, we can take them 

out of the parenthesis and divide by δx:  

ℎ𝑙
𝜕𝐶𝑂2

𝜕𝑡
=

𝐽𝑂2
(𝑥) − 𝐽𝑂2

(𝑥 + 𝛿𝑥)

𝛿𝑥
 

Now the right side of the equation is the neg-

ative difference quotient of the flux function, so 

we let δx approach zero and obtain the deriva-

tive:  

ℎ𝑙
𝜕𝐶𝑂2

𝜕𝑡
= −

𝜕𝐽𝑂2

𝜕𝑥
 

= −
𝜕

𝜕𝑥
[−𝐷𝑂2

𝛽𝑂2

𝜕𝑃𝑂2

𝜕𝑥
− 𝐷𝐻𝑏𝐶𝐻𝑏

𝜕𝑆𝑂2

𝜕𝑥
] ℎ𝑙  

Here D and β are the diffusion coefficient and 

solubility coefficient, respectively, P is the par-

tial pressure, S is the oxygen saturation and 𝐶𝐻𝑏 

is the hemoglobin concentration. Dividing by 

height and length on both sides gives the equa-

tion: 

 
𝜕𝐶𝑂2

𝜕𝑡
=

𝜕

𝜕𝑥
[𝐷𝑂2

𝛽𝑂2

𝜕𝑃𝑂2

𝜕𝑥

+ 𝐷𝐻𝑏𝐶𝐻𝑏

𝜕𝑆𝑂2

𝜕𝑥
]                        (1) 

Since the saturation is a function of partial 

pressure, the chain rule can be applied: 

𝜕𝑆𝑂2

𝜕𝑥
=

𝑑𝑆𝑂2

𝑑𝑃𝑂2

∙
𝜕𝑃𝑂2

𝜕𝑥
                                                (2) 

Note that Leibniz notation is used, with 

𝑆𝑂2
= 𝑓(𝑃𝑂2

) and 𝑃𝑂2
= 𝑔(𝑥) . 𝑓  is the general-

ized Adair equation: 

𝑓(𝑃𝑂2
)

=
𝑘1𝑃 + 3𝑘1𝑘2𝑃2 + 3𝑘1𝑘2𝑘3𝑃3 + 𝑘1𝑘2𝑘3𝑘4𝑃4

1 + 4𝑘1𝑃 + 6𝑘1𝑘2𝑃2 + 4𝑘1𝑘2𝑘3𝑃3 + 𝑘1𝑘2𝑘3𝑘4𝑃4
 

where k1 through k4 are the stepwise equilib-

rium Adair constants. The constants have been 

calculated by means of the results from Vorger 

Figure A1: Oxygen influx and efflux. For details and 
abbreviations, see text. 
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(1987) by setting P50 to 22 mmHg and n to 2, 

and assuming Hill plot symmetry.  

The oxygen concentration is given by  

𝐶𝑂2
= 𝛽𝑂2

𝑃𝑂2
+ 𝐶𝐻𝑏𝑆𝑂2

 

where 𝐶𝐻𝑏 is the hemoglobin concentration. By 

differentiating this we obtain: 

𝜕𝐶𝑂2

𝜕𝑡
= 𝛽𝑂2

𝜕𝑃𝑂2

𝜕𝑡
+ 𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

∙
𝜕𝑃𝑂2

𝜕𝑡
 

= (𝛽𝑂2
+ 𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

)
𝜕𝑃𝑂2

𝜕𝑡
                                    (3) 

by insertion of equation (2). Now equation (2) 

and (3) can be inserted in equation (1) which 

gives the final oxygen transport equation used 

in the model: 

(𝛽𝑂2
+ 𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

)
𝜕𝑃𝑂2

𝜕𝑡
  

=
𝜕

𝜕𝑥
[𝐷𝑂2

𝛽𝑂2

𝜕𝑃𝑂2

𝜕𝑥
+ 𝐷𝐻𝑏𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

∙
𝜕𝑃𝑂2

𝜕𝑥
] 

=
𝜕

𝜕𝑥
[(𝐷𝑂2

𝛽𝑂2
+ 𝐷𝐻𝑏𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

)
𝜕𝑃𝑂2

𝜕𝑥
] 

= 𝑑𝑖𝑣 [(𝐷𝑂2
𝛽𝑂2

+ 𝐷𝐻𝑏𝐶𝐻𝑏

𝑑𝑆𝑂2

𝑑𝑃𝑂2

) 𝑔𝑟𝑎𝑑(𝑃𝑂2
)] 

This equation also applies in 3 dimensions when 

using the appropriate divergent and gradient 

operators. 

 

 

 

 

APPENDIX B 

The following is a derivation of the formula 

used to find the diffusion conductance of an 

equivalent, simple system like that of Figure B1.  

Here a volume, V, of perfectly stirred solu-

tion is in contact with the surroundings via a 

membrane with thickness tm and cross sectional 

area A. The surrounding partial pressure is con-

stant at Po. 

An expression for the partial pressure Pi as 

a function of time can now be derived from 

Fick’s law: 

𝑑𝑀𝑂2

𝑑𝑡
= 𝐽𝑂2

= 𝐺𝑑(𝑃𝑜 − 𝑃𝑖) 

where 𝑀𝑂2
 is the amount of oxygen, 𝐽𝑂2

 is the 

oxygen flux and 𝐺𝑑  is the conductance. As in Ap-

pendix A, the amount of oxygen can be de-

scribed as the volume multiplied by the concen-

tration (𝐶𝑂2
): 

𝑑(𝑉 ∙ 𝐶𝑂2
)

𝑑𝑡
= 𝐺𝑑(𝑃𝑜 − 𝑃𝑖) 

Since the (dissolved) oxygen concentration 

is proportional to the oxygen partial pressure 

Figure B1: Diffusion analog model. For 
details and abbreviations, see text. 
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with proportionality factor 𝛽, the equation can 

be written as 

𝑉𝛽
𝑑𝑃𝑂2

𝑑𝑡
= 𝐺𝑑(𝑃𝑜 − 𝑃𝑖) 

where 𝛽  is the oxygen solubility coefficient of 

the system (the slope of the oxygen binding 

curve). Dividing by volume and solubility gives 

𝑑𝑃𝑖

𝑑𝑡
=

𝐺𝑑

𝑉𝛽
(𝑃𝑜 − 𝑃𝑖)                                                 (4) 

Let  

𝑘 =
𝐺𝑑

𝑉𝛽
 

for simplicity. The left side of equation (4) can 

be written as 

−
𝑑(𝑃𝑜 − 𝑃𝑖)

𝑑𝑡
= 𝑘(𝑃𝑜 − 𝑃𝑖) 

with 𝑃𝑜 − 𝑃  as a new variable. By rearranging 

we obtain: 

𝑑(𝑃𝑜 − 𝑃𝑖)

𝑃𝑜 − 𝑃𝑖
= −𝑘 ∙ 𝑑𝑡 

By substitution we get the following inte-

grals  

∫
1

𝑃𝑜 − 𝑃𝑖
𝑑(𝑃𝑜 − 𝑃𝑖)

𝑃𝑜−𝑃𝑖(𝑡)

𝑃𝑜−𝑃𝑖(0)

= −𝑘 ∫ 𝑑𝑡
𝑡

0

 

And thus the solution: 

𝑙𝑛
𝑃𝑜 − 𝑃𝑖(𝑡)

𝑃𝑜 − 𝑃𝑖(0)
= −𝑘𝑡 

Exploiting the reciprocity of the natural log-

arithm and exponential function gives 

𝑃𝑜 − 𝑃𝑖(𝑡)

𝑃𝑜 − 𝑃𝑖(0)
= 𝑒−𝑘𝑡 

By rearranging we get the equation: 

𝑃𝑖(𝑡) = 𝑃0 − (𝑃𝑜 − 𝑃𝑖(0))𝑒−𝑘𝑡 

and the relation: 

1

𝑘
= 𝜏 =

𝑉𝛽

𝐺𝑑
 

where 𝜏 is the time constant. Now we have the 

desired formula for diffusion conductance: 

𝐺𝑑 =
𝑉𝛽

𝜏
                                                                    (5) 

The 𝛽 in equation (5) is not the solubility of 

the physically dissolved oxygen, but rather an 

overall oxygen solubility, i.e. the slope of the 

oxygen binding curve. It is calculated as 

𝛽 =
∆𝐶

∆𝑃
 

=
𝑃𝑂2,𝑚𝑒𝑎𝑛 ∙ 𝛽𝑂2

+ 𝑆𝑂2,𝑚𝑒𝑎𝑛 ∙ 𝐶𝐻𝑏 − 𝑃𝑂2,𝑠𝑡𝑎𝑟𝑡 ∙ 𝛽𝑂2
+ 𝑆𝑂2,𝑠𝑡𝑎𝑟𝑡 ∙ 𝐶𝐻𝑏

𝑃𝑂2,𝑚𝑒𝑎𝑛 − 𝑃𝑂2,𝑠𝑡𝑎𝑟𝑡
 

where 𝑃𝑂2,𝑚𝑒𝑎𝑛 is the end mean oxygen partial 

pressure calculated by the FEM solver by inte-

grating the 𝑃𝑂2
 curve and dividing by red cell 

volume, 𝑆𝑂2,𝑚𝑒𝑎𝑛 is the end mean saturation cal-

culated by the FEM solver in the same manner 

as 𝑃𝑂2,𝑚𝑒𝑎𝑛  but with the 𝑆𝑂2
 curve, 𝛽𝑂2

 is the 

solubility of physically dissolved oxygen and 

𝑃𝑂2,𝑠𝑡𝑎𝑟𝑡 is the initial oxygen partial pressure, i.e. 

30 mmHg. 

When the conductance is found, a theoreti-

cal diffusion distance can be calculated, since 

the conductance is inversely proportional to the 

membrane thickness:  
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𝐺𝑑 =
𝐷𝑚 ∙ 𝛽𝑚 ∙ 𝐴

𝑡𝑚
 

Here, 𝐷𝑚 and  𝛽𝑚is the diffusion coefficient 

and oxygen solubility of the membrane, respec-

tively. By isolating the membrane thickness, 

which corresponds to the diffusion distance, 

we get an expression for the theoretical diffu-

sion distance: 

𝑡𝑚 =
𝐷𝑚 ∙ 𝛽𝑚 ∙ 𝐴

𝐺𝑑
                                                    (6) 
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